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IMPLICIT RENEWAL THEORY
AND POWER TAILS ON TREES
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Abstract

We extend Goldie’s (1991) implicit renewal theorem to enable the analysis of recursions
on weighted branching trees. We illustrate the developed method by deriving the power-
tail asymptotics of the distributions of the solutions R to R 2 ZlNzl CiRi + O, R 2
(\/zNzl CiR;) v Q, and similar recursions, where (Q, N, C1, C», ...) is a nonnegative
random vector with N € {0,1,2,3,...} U {oo}, and {R;};en are independent and
identically distributed copies of R, independent of (Q, N, C1, C3, ...); here ‘v’ denotes
the maximum operator.
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1. Introduction

This paper is motivated by the study of the nonhomogeneous linear recursion

N
RQZC,-Ri+Q, (1.1

i=1

where (Q, N, Cq, Ca, ...) is a nonnegative random vector with N € N U {o0}, N = {0, 1, 2,
3,...}, P(Q > 0) > 0, and {R;};en is a sequence of independent and identically distributed
(i.i.d.) random variables, independent of (Q, N, Cy, C3, .. .), with the same distribution as R.
This recursion appeared recently in the stochastic analysis of Google’s PageRank algorithm;
see [19], [27], and the references therein for the latest work in this area. These types of weighted
recursions, also studied in the literature on weighted branching processes [25] and branching
random walks [8], are found in the probabilistic analysis of other algorithms as well [24], [26],
e.g. the Quicksort algorithm [13].

In order to study the preceding recursion in its full generality, we extend the implicit renewal
theory of Goldie [14] to cover recursions on trees. The extension of Goldie’s theorem is
presented in Theorem 3.1. One of the observations that allows this extension is that an
appropriately constructed measure on a weighted branching tree is a renewal measure; see
Lemma 3.1 and (3.4). In the remainder of the paper we apply the newly developed framework
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to analyze a number of linear and nonlinear stochastic recursions on trees, starting with (1.1).
Note that the majority of the work in the rest of the paper addresses the application of the main
theorem to specific problems.

In this regard, in Section 4, we first construct an explicit solution (4.6) to (1.1) on a weighted
branching tree, and then provide sufficient conditions for the finiteness of moments and the
uniqueness of this solution in Lemmas 4.4 and 4.5, respectively. Furthermore, it is worth
noting that our moment estimates are explicit (see Lemma 4.3), which may be of independent
interest. Then, the main result, which characterizes the power-tail behavior of R is presented in
Theorem 4.1. In addition, for an integer power exponent (« € {1, 2, 3, .. .}), the asymptotic tail
behavior can be explicitly computed as stated in Corollary 4.1. Furthermore, for a noninteger «,
Lemma 4.1 yields an explicit bound on the tail behavior of R. Related work in the literature of
weighted branching processes (WBPs) for the case when N = oo and Q, {C;} are nonnegative
deterministic constants can be found in [25] (see Theorem 5), and, more recently, for real-valued
constants, in [4]. However, these deterministic assumptions fall outside the scope of this paper;
for more details, see the remarks after Theorem 4.1 in Section 4.2.

Next, we show how our technique can be applied to study the tail asymptotics of the solution
to the critical, E[Z,N: 1 Cil = 1, homogeneous linear equation

N
i=1

where (N, C1, C», ...) is a nonnegative random vector with N € N U {oo} and {R;};cy is a
sequence of i.i.d. random variables independent of (N, Cy, C3, .. .) with the same distribution
as R. This type of recursion has been studied to a great extent under a variety of names, including
branching random walks and multiplicative cascades. Our work is more closely related to the
results of [17] and [23], where the conditions for power-tail asymptotics of the distribution of
R with power exponent o > 1 were derived. In Theorem 4.2 we provide alternative derivations
of Theorem 2.2 of [23] and Proposition 7 of [17]. Furthermore, we note that our method yields
a more explicit characterization of the power-tail proportionality constant; see Corollary 4.2.
For a full description of the set of solutions to (1.2), see the recent work in [6]. For additional
references on weighted branching processes and multiplicative cascades, see [2], [22]-[24],
[28], and the references therein. For earlier historical references, see [12], [16], and [20].

As an additional illustration of the newly developed framework, in Section 5 we study the
recursion

N
RZ (\/ C,-Ri) v 0,
i=1

where (Q, N, Cy, C2, . ..) is a nonnegative random vector with N € NU {oo}, P(Q > 0) > 0,
and {R;};cN is a sequence of i.i.d. random variables independent of (Q, N, C1, C3, ...) with
the same distribution as R. We characterize the tail behavior of P(R > x) in Theorem 5.1.
Similarly to the homogeneous linear case, this recursion was previously studied in [5] under
the assumptions that Q = 0, N = oo, and the {C;} are real-valued deterministic constants. The
more closely related case of Q = 0 and {C;} > 0 being random was studied earlier in [18].
Furthermore, these max-type stochastic recursions appear in a wide variety of applications,
ranging from the average case analysis of algorithms to statistical physics; see [1] for a recent
survey.
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We conclude the paper with a brief discussion of other nonlinear recursions that could be
studied using the developed techniques, including the solution to

N
R 2 <\/CiRi> + 0.

i=1

The majority of the proofs are postponed to Section 7.

2. Model description

First we construct a random tree 7. We use the notation & to denote the root node of 7~ and
Ay, n > 0, to denote the set of all individuals in the nth generation of 7, Ag = {@}. Let Z,
be the number of individuals in the nth generation, that is, Z, = |A,|, where | - | denotes the
cardinality of a set; in particular, Zy = 1.

Next, let Ny = {1, 2,3, ...} be the set of positive integers and let U = U,fio(N+)k be
the set of all finite sequences i = (i1, i2, ..., i), Where, by convention, N0 — {@} contains
the null sequence &. To ease the exposition, for a sequence i = (i1, iz,...,ix) € U, we
write i|n = (i1, 12,...,1,), provided k > n, and i|0 = O to denote the index truncation at
level n, n > 0. Also, fori € Aj, we simply use the notation i = iy, that is, without the
parentheses. Similarly, fori = (i, ..., i,), we will use (i, j) = (i1, ..., iy, j) to denote the
index concatenation operation; if i = & then (i, j) = j.

We iteratively construct the tree as follows. Let N be the number of individuals born to the
root node @, Ny = N, and let {N;};cy be i.i.d. copies of N. Now define

Al={ieNi:1<i <N},

. . . . . 2.1
Ay ={(i1,i2, ... i) €U (i1, ... ip—1) €Ay, 1 <0y < N(il,..‘,i,l_l)}-

It follows that the number of individuals Z,, = |A,| in the nth generation, n > 1, satisfies the
branching recursion
Z, = Z Nj.

ieA,—

Now, we construct the weighted branching tree 7o ¢ as follows. The root node & is assigned
avector (Qg, Ng, C(z.1), C(,2),...) =(Q,N,Cy,Ca,...) with N € NU {oco} and P(Q >
0) > 0; N determines the number of nodes in the first generation of 7 according to (2.1).
Each node in the first generation is then assigned an i.i.d. copy (Q;, N;, C( 1y, C(i,2), ...) of
the root vector and the {N;} are used to define the second generation in 7~ according to (2.1). In
general, forn > 2, to eachnode i € A,_1, we assign an i.i.d. copy (Q;, N;, C.1), Cii,2) - --)
of the root vector and construct A,, = {(i,iy) €e U:i € A,_1, 1 < i, < N;}; the vectors
(Qi, Ni, Ci 1), Ci2y,...), i €Ay, are chosen independently of all the previously assigned
vectors (Qj, Nj, Cij 1y, C(j2),---), J € Ax, 0 <k <n — 2. For each node in T ¢, we also
define the weight IT;,, . ;,) via the recursion

IM;, =Gy, Mgy, in) = Can,onin g oine, 1 >2,

where [T = 1is the weight of the root node. Note that the weight I(;, . ;) isequal to the product
of all the weights C.) along the branch leading to node (iy, ..., i,), as depicted in Figure 1.
In some places, e.g. in the following section, the value of Q may be of no importance, and,
thus, we will consider a weighted branching tree defined by the smaller vector (N, C1, Ca, .. .).
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FIGURE 1: Weighted branching tree.

This tree can be obtained from Ty ¢ by simply disregarding the values for Q.) and is denoted
by Jc.

Studying the tail behavior of the solutions to recursions and fixed-point equations embedded
in this weighted branching tree is the objective of this paper.

3. Implicit renewal theorem on trees

In this section we present an extension of Goldie’s implicit renewal theorem [14] to weighted
branching trees. The observation that facilitates this generalization is the following lemma,
which shows that a certain measure on a tree is actually a product measure; a similar measure
was used in a different context in [9]. Its proof is given in Section 7.1 for completeness.
Throughout the paper, we use the standard convention that 0% log 0 = 0 for all « > O.

Lemma 3.1. Let T¢ be the weighted branching tree defined by the nonnegative vector (N, C1,
Ca,...), where N € NU {oo}. Foranyn € Nandi € A,, let V; =logIl;. For a > 0, define
the measure

i (d) =e“’E[Z 1V; € dt)j|, n=12,...,

icA,

and let n(dt) = w1(dt). Suppose that there exists j > 1 withP(N > j, C{v> 0) > 0 such that
the measure P(log C; € du, C; > 0, N > j) is nonarithmetic, 0 < E[Zi=1 Cl‘?‘ log C;] < oo,
and E[ny:l C?] = 1. Then n(-) is a nonarithmetic probability measure on R that places no
mass at —oo and has mean

00 N
/ un(du) =E[Zc7 1ogcj].
o0 j:1

Furthermore, wu, (dt) = n*(dt), where n*" denotes the nth convolution of n with itself.

We now present a generalization of Goldie’s implicit renewal theorem [14] that will enable
the analysis of recursions on weighted branching trees. Note that, except for the independence
assumption, the random variable R and the vector (N, Cy, C3, . ..) are arbitrary, and, therefore,
the applicability of this theorem goes beyond the recursions that we study here. Throughout
the paper, we use g(x) ~ f(x) as x — oo to denote limy_, o g(x)/f (x) = 1.
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Theorem 3.1. Let (N, Cy, Ca,...) be a nonnegative random vector, where N € N U {oo}.
Suppose that there exists j > 1 withP(N > j, C; > 0) > 0 such that the measure P(log C; €
du,C; > 0, N > j) is nonarithmetic. Assume further that 0 < E[Z?’=1 C?‘ log C;] < oo,
E[Z?/:1 Cf/?‘] =1, E[Z;VZ] C;/] < oo for some 0 < y < «, and that R is independent of
(N, Cy, Ca,...) withE[RP] < oo forany0 < B < a. If

00 N
/ ‘P(R > 1) —E[Z 1(C,;R > z)}
0

j=1

7 1dr < 00 (3.1

then
P(R>1t)~Ht™ ast— oo,

where 0 < H < oo is given by

ST A LT PRCCLER)
H = v P(R >v) —E 1(CiR > v) | ) dv.
E[YIL, C%log ;1 Jo ; ’

Remarks. (i) As pointed out in [14], the statement of Theorem 3.1 only has content when R
has infinite moment of order «, since otherwise the constant H is zero.

(i1) Similarly as in [14], Theorem 3.1 can be generalized to incorporate negative weights {C;}
at the expense of additional technical complications. However, when the {C;} > 0 and R is
real valued, we can use exactly the same proof to derive the asymptotics of P(—R > ¢); we
omit the statement here since our applications do not require it.

(iii) When the {log C;} are lattice valued, a similar version of Theorem 3.1 can be derived by
using the corresponding renewal theorem for lattice random walks.

(iv) It appears, as noted in [14], that some of the early ideas of applying renewal theory to study
the power-tail asymptotics of autoregressive processes (perpetuities) is due to Kesten [21] and
Grincevicius [15]. The proof given below follows the corresponding proof in [14].

Proof of Theorem 3.1. Let T¢ be the weighted branching tree defined by the nonnegative
vector (N, Cy,Ca,...). Foreachi € A, and all k < n, define V;; = logI1;|x; note that
IT; is independent of N;|; but not of Nj|; forany O < s < k — 1. Also, note that i|n = i
sincei € A,. Let £, k > 1, denote the o-algebra generated by {(N;, C.1), Ci,2),...): 1 €
Aj, 0<j<k-—1},and let Fp = o (2, Q), I1;)0 = 1. Assume also that R is independent of
the entire weighted tree, T¢. Then, for any ¢ € R, we can write P(R > €') via a telescoping
sum as follows (note that all the expectations in (3.2) are finite by Markov’s inequality and (3.6)
below):

n—1
P(R >¢) = Z(E[ Z 1(M; kR > e’)] —E|: Z (M1 R > e’)D (3.2)

=0\ Liea; (ilk+1)€Apt1
+E|: Z 1(T; R > e’):|
(iln)eA,
n—1 Nik
= ZE[ Z (1(1‘[,-|kR > e’) — ZI(H”]CC(”](’J')R > et)>]
k=0 LailkeAs =

+E|: > 1R > e’)i|

(iln)eA,
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n—1 Nik

= ZE[ Z E|:1(R > el_V”") — Zl(c(i\k,j)R > e[_‘/i‘k) ‘ .'Fk:|i|
k=0 L(ilkeA =1
+E|: Z 1(T; R > e’):|.

(iln)eA,

Now, define the measures u,, according to Lemma 3.1, and let

n N
va(dt) =Y e (dr), g(t) =¥ (P(R >el) — E[Z 1(C,R > e‘)D,

k=0 j=1

r(t) =e” P(R >¢'), and &,(t) = e‘“E[ Z 1(I; . R > e’)].
(iln)eA,

Recall that R and (N, Cifk,1), Ci|k,2) - - -) are independent of F%, from where it follows
that
Nik
E[I(R > Vi) = Y UCp, R > &7V
j=1

&L‘J = Mg (1 — Vi),

Then, forany t € Randn € N,

n—1

r(t) =ZE[ > elikg(r — vﬂk)} +8,(1) = (g % v 1) (1) + 8, 0).

k=0 “(ilk)eA,
Next, define the operator f ) = fi 0 e~ (t—w f (u) du and note that
F(1) = (& % 1) (1) + 8, (0). (33)

Now, we will show that one can let n — oo in the preceding identity. To this end, let
n(du) = w1 (du), and note that, by Lemma 3.1, n(-) is a nonarithmetic probability measure on
R that places no mass at —oo and has mean

. N
ui= / un(du) = E[Z C;?‘ log Cji| > 0.
[ =1

Moreover, by Lemma 3.1,

v(dr) = Ze‘“E[ > 1(Vig e dt)i| = n*(dn) (3.4)
k=0

k=0 (ilk)eAx

is its renewal measure. Since pu # 0, then (| f| % v)(t) < oo for all  whenever f is directly
Riemann integrable. By (3.1) we know that g € L', so, by Lemma 9.1 of [14], § is directly
Riemann integrable, resulting in (|| * v)(¢) < oo for all z. Thus,

(|§|*v>(r>=E[Z > e““lﬂé(r—m)q < o0,

k=0 (i|k)e Ay
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which implies that E[Y g, > ikeA, e®Vilk g (¢ — Vijp)] exists and, by Fubini’s theorem,

(g*v)(o:E[Z > e"Vi'ké(r—v”k)}

k=0 (i|k)eAy
o
=3E 3 g v
k=0 “ilk)eAq
= lim (g * v,)(¢).
n—>oo
To see that <§,, (t) > 0 as n — oo for all fixed 7, note that, from the assumptions that

0 <B[Y}_, CYlogC;] < oo, B[}, CY1=1, and E[Y)_, C¥] < oo for some 0 <

y < «a, there exists 0 < 8 < « such that E[X:II.V:l C f ] < 1 (by convexity). Then, for such g,

t
Sn(z)zf e_(’_“)e“”E[ > I(Hi|nR>e“)] du

- (iln)eAn
<e(Ol Bt g |: Z / ul(l_[”nR >e“)du]
(iln)eA,
1 iln

g [ ]
(iln)eA,

(a—p)t

€

7 [ > (n,mR)ﬁ] (3.5)

(iln)eA,

It remains to show that the expectation in (3.5) converges to 0 as n — oo. First note that, from
the independence of R and T,

E[ > (n”nR)ﬂ}:E[Rﬂ]E[ > (n,-m)ﬁ],
(ilm)€A, (iln)€A,

where E[R?] < oo for 0 < B < a. For the expectation involving IT;,, condition on ¥, _1 and
use the independence of (N;j,—1, C(ijn—1,1)» Cijn—-1,2), - - .) from F;,_; as follows:

Nilnfl

E[ > (n,-|n)ﬂ}=1~: > E[Z(nﬂnl)ﬂc{én_l,ﬂ fnlﬂ
(iln)eAy, —(iln—1)eA,—1 Jj=1

- Nt\n 1

i 2 @ B[ Y | 5]
~(iln—1)€An—1 Jj=1
- N

—E ZCf]E[ > (n,-n_l)f‘]
-j=1 (iln—1)€eA,—;

N n
- <E [Z CfD (iterating n — 1 times). (3.6)
j=1
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Since E[Z]/-V:l Cf ] < 1, then the above converges to 0 as n — oo. Hence, the preceding
arguments allow us to pass n — oo in (3.3), and obtain

F(t) = (g xv)().

Now, by the key renewal theorem for two-sided random walks (see Theorem 4.2 of [7]),

! 00

¢ 1
eft/‘ vYP(R > v)dv =F(t) —> —/ gw)du =: H ast— oo.
0 i

—00

Clearly, H > 0 since the left-hand side of the preceding equation is positive, and, thus, by
Lemma 9.3 of [14],
P(R>1t)~ Ht ™ ast— oo.

o0 u
/ / e~ “g(r)drdu
—00 J =00

o0 o0
/ e[g(t)/ e " dudt
—00 t

o0
/ g(t)dr

—0oQ

00 N
f e (P(R >el) — E[Z 1(C;R > e’)D dr

—00 a
N

/OO v“_1<P(R > v) —E[Z 1(C;R > v)]) dv.
0 o

Finally,

Tl= Tl EI=EI=

T~

4. The linear recursion: R = va=1 CiRi + Q

Motivated by the information ranking problem on the Internet, e.g. Google’s PageRank
algorithm [19], [27], in this section we apply the implicit renewal theory for trees developed in
the previous section to the linear recursion

N
RQZC,-R,-+Q, 4.1

i=1

where (Q, N, Cq, C3, ...) is a nonnegative random vector with N € NU {oo}, P(Q > 0) > 0,
and {R;}icn is a sequence of i.i.d. random variables independent of (Q, N, Cq, C3, ...) with
the same distribution as R. Note that the power tail of R in the critical homogeneous case
(Q = 0) was previously studied in [17] and [23]. In Section 4.3 we will give an alternative
derivation of those results using our method and we will provide pointers to the appropriate
literature.

As for the nonhomogeneous case, the first result we need to establish is the existence and
finiteness of a solution to (4.1). For the purpose of existence, we will provide an explicit
construction of the solution R to (4.1) on a tree. Note that such constructed R will be the main
object of study in this section.

Recall that throughout the paper the convention is to denote the random vector associated
to the root node @ by (Q, N, C1,C2,...) = (Qgz, Nz, Ca,1), C(2,2)s - - -)-
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We now define the process
Wo=0. Wy=)» Qill;, n>1, 4.2)
i€A,

on the weighted branching tree 79 c, as constructed in Section 2. Define the process { R my, >0
according to

n
R™ = Z Wi, n>0, 4.3)

that is, R" is the sum of the weights of all the nodes on the tree up to the nth generation. It is
not hard to see that R satisfies the recursion

Ng

N
RM =3"Co R " +0s=Y C;R""+0,  nx1 (4.4)
j=1 j=1

where {R;" l)} are independent copies of R"~1 corresponding to the tree startlng with
individual j in the first generation and ending on the nth generation; note that R( =0;.
Similarly, since the tree structure repeats itself after the first generation, W, satlsﬁes

Wy =Y Oill;

icA,

Ng
=ZC(®,1<) Z Q... z,,)l_[C(k ..... i)
k=1

N
= Z CiWa—-1).k> 4.5)
k=1

where {W(,_1)«} is a sequence of i.i.d. random variables independent of (N, Cy, C3, ...) and
having the same distribution as W,,_1.
Next, define the random variable R according to

R := lim R™ —Zwk, (4.6)

n—o0

where the limit is properly defined by (4.3) and monotonicity. Hence, it is easy to verify, by
applying monotone convergence in (4.4), that R must solve

Ng N
R = ZC(@,]')R;OO) + Qg = ZC/RE-OO) + 0,
j=1 j=1

where {R;oo) }jen are ii.d., have the same distribution as R, and are independent of (Q, N, Cy,
Cy, ...

The derivation provided above implies in particular the existence of a solution in distribution
to (4.1). Moreover, under additional technical conditions, R is the unique solution under
iterations, as we will define and show in the following section. The constructed R, as defined
in (4.6), is the main object of study in the remainder of this section.
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4.1. Moments of W,, and R

In this section we derive estimates for the moments of W), and R. We start by stating a lemma
about the moments of a sum of random variables. The proofs of Lemmas 4.1, 4.2, and 4.3 are
given in Section 7.2.

Lemma 4.1. Foranyk € NU{oo}, let {C; } | be a sequence of nonnegative random variables
and let {Y;} i1 be a sequence of nonnegatlve l i.d. random variables, independent of the {C;},
with the same distributionas Y. For B > 1, set p = [B] € {2, 3,4, ...}, andifk = oo, assume
that Z?il C;Y; < oo almost surely (a.s.). Then,

k B k k B
E[(Z Ci Y,-> - Z(Ci Yi)ﬁ] < (E[y?~'p/=D E[(Z Ci> }
Remark Note that Lemma 4.1 does not exclude the case when E[(Zl 1 CiY; Y1 = oo but
E[(CF_, CiYf — Y5 (CiY)F] < .

We now give estimates for the S-moments of W, for 8 € (0, 1]and 8 > 1 in Lemmas 4.2
and 4.3, respectively. Throughout the rest of the paper, we define pg = E[Z, 1 C ] for any
B >0,and p = p;.

Lemmad4.2. ForO < g <landalln > 0,
E[W}] < EL[Q"10}.

Lemma 4.3. For 8 > 1, suppose that E[QF] < oo, B[(XN., C:)f1 < o0, and p Vv pp < 1.
Then, there exists a constant Kg > 0 such that, for alln > 0,

E[W/] < Kp(o Vv pp)".

Now we are ready to establish the finiteness of moments of the solution R given by (4.6). The
proof of this lemma uses well-known contraction arguments, but for completeness we provide
the details below.

Lemma 4.4. Assume that E[QP] < oo for some B > 0. In addition, suppose that either

(i) pgp<1lif0<B <1, or

(i) (pVpp) <1 andE[(ZlN:l CHPl<ooifp>1.
Then, E[RY] < oo for all 0 < y < B, and, in particular, R < o0 a.s. Moreover, if 8 > 1,
R™ i R, where Lg stands for convergence in the (E | - 1YV norm.

Remark. It is interesting to observe that, for § > 1, the conditions E[(ZiN= | CHPl < o0
and pg < 1 are consistent with Theorem 3.1 of [2], Proposition 4 of [17], and Theorem 2.1
of [23], which give the conditions for the finiteness of the S-moment of the solution to the
related critical (p; = 1) homogeneous (Q = 0) equation.

Proof of Lemma 4.4. Let
pﬁ lfﬂ < 1,
pVpg ifg>1.
Then, by Lemmas 4.2 and 4.3,
E[WP] < Kn" forsome K > 0.
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Suppose that 8 > 1. Then, by monotone convergence and Minkowski’s inequality,

n B

‘3 _ .
=1 ()]
k=0
n B

el () |

k=0

n

B
Jtim (o))

k=0
oo B
<)
k=0

< Q.

IA

IA

This implies that R < 0o a.s. When 0 < B < 1, use the inequality (3}_o v)? < > 71— yi/?
for any y; > 0 instead of Minkowski’s inequality. Furthermore, for any 0 < y < 8,

E[R”] = E[(R?)"/P] < (E[RP])"/F < .

L
That R™ =5 R whenever 8 > 1 follows from noting that

o B
E[|R(”) _ R|ﬁ] =E|:( Z Wk) i|

k=n+1
and applying the same arguments used above to obtain the bound

KnnJrl

(n) _ piB I

This completes the proof.

Next, we show that, under some technical conditions, the iteration of recursion (4.1) results
in a process that converges in distribution to R for any initial condition R. To this end, consider
a weighted branching tree 7 c, as defined in Section 2. Now, define

Ry :=R"D+Wu(Rp), n=x1,
where R~ is given by (4.3),
Wa(R§) = Y Ry, ;. (4.7)
icA,

and {R ;}icy are i.i.d. copies of an initial value R, independent of the entire weighted tree
To,c. It follows from (4.4) and (4.7) that, forn > 0,

n+l ZC R(ﬂ 1)+Q+WH+I(R0) ZC (R(n 1)+ Z ROIHC(] _____ lk)>+Q

j=1 i€, ;
4.8)

where {R;"_l)} are independent copies of R™~1 corresponding to the tree starting with
individual j in the first generation and ending on the nth generation, and A, ; is the set of
all nodes in the (n 4 1)th generation that are descendants of individual j in the first generation.
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It follows that
n+1 Z C R

where {R* .} are the expressions inside the parenthems in (4.8). Clearly, {R J} are i.i.d. copies
of RY; thus, we show that R’ is equal in distribution to the process derived by iterating (4.1)
with an initial condition Rj. The following lemma shows that R} = R for any initial condition
R; satisfying a moment assumption where ‘=’ denotes convergence in distribution.

Lemma45 For any initial condition R* > 0, le[Qﬁ] E[(Ro)ﬁ] < oo, and pg =
E[Zl 1C 1 < 1forsome0 < B <1, then

R = R,

with E[RP] < oo. Furthermore, under these assumptions, the distribution of R is the unique
solution with finite 8-moment to recursion (4.1).

Proof. Since R™ — R a.s., the result will follow from Slutsky’s theorem (see Theorem 25.4
of [10, p. 332]) once we show that W, (R;) = 0. To this end, note that W, (Ry), as defined
by (4.7), is the same as W,, if we substitute the Q; by the R(’)‘ i Then, for every ¢ > 0, we have

P(W,(R}) > &) < e P E[W,(R})?1 < e P p} E[(R;)P] (by Lemma 4.2).

Since, by assumption, the right-hand side converges to 0 as n — oo, then R = R. Fur-
thermore, E[Rﬂ ] < oo by Lemma 4.4. Clearly, under the assumptions, the distribution of R
represents the unique solution to (4.1), since any other possible solution with finite S-moment
would have to converge to the same limit.

Remarks. (i) Note that, when E[N] < 1, the branching tree is a.s. finite and no conditions on
the {C;} are necessary for R < oo a.s. This corresponds to the second condition in Theorem 1
of [11].

(i1) In view of the same theorem from [11], one could possibly establish the convergence of
R} = R < oo under milder conditions. However, since in this paper we only study the power
tails of R, the assumptions of Lemma 4.5 are not restrictive.

(iii) Note that if E[va=1 C?] =1 with a € (0, 1] then there might notbe a0 < 8 < « for
which E[ZINZ 1 Ciﬂ ] < 1, e.g. the case of deterministic C;s that was studied in [25].

4.2. Main result
‘We now characterize the tail behavior of the distribution of the solution R to the nonhomo-

geneous equation (4.1), as defined by (4.6).

Theorem 4.1. Let (Q, N, Cy, C3, ...) be a nonnegative random vector, with N € N U {00}

and P(Q > 0) > 0, and let R be the solution to (4.1) given by (4.6). Suppose that there exists

J = 1withP(N > j, C; > 0) > 0 such that the measure P(logC] €du, C; >0, N > j)

is nonarithmetic, and that, for some a > 0, E[Q%] < 00, 0 < E[Zl 1 C¥log C;] < oo, and
Zl 1 C7'1 = 1. In addition, assume that

(a) E[ Zi:l Cil<1land E[(Zi=1 CH¥ <ooifa > 1,or
(b) E[(ZINZI C?/(He))l”] < ooforsome() <e < 1if0<a <1.



540 P. R. JELENKOVIC AND M. OLVERA-CRAVIOTO

Then,
P(R>1t)~Ht™ ast— oo,

where 0 < H < o0 is given by

1 S N
H = a—1 P(R —E 1 ClR i|> d
E[YY, C¥log C;] ./o Y < (R >v) [Z ( >v)| ) dv

i=l1
_BIQCY, GiRi+ 9% — YL (CiRi)“]
aE[YN, C%log Ci]

Remarks. (i) The nonhomogeneous equation has been previously studied for the special case
when Q and the {C;} are deterministic constants. In particular, Theorem 5 of [25] analyzes the
solutions to (4.1) when Q and the {C;} are nonnegative deterministic constants, which, when
vazl Cl?‘ =1, o > 0, implies that C; < 1 for all i and Zi Cl‘?‘ log C; < 0, falling outside the
scope of this paper. The solutions to (4.1) for the case when Q and the C;s are real-valued
deterministic constants were analyzed in [4]. For the recent work (published on arXiv after
the first draft of this paper) that characterizes all the solutions to (4.1) for Q and {C;} random,
see [3].

(i1) When o > 1, the condition E[(ZiN:] C;)*] < oo is needed to ensure that the tail of R is not
dominated by N. In particular, if the {C;} are i.i.d. and independent of N, the condition reduces
to E[N*] < oo since E[C*] < oo is implied by the other conditions; see Theorems 4.2 and 5.4
of [19]. Furthermore, when 0 < « < 1, the condition E[(va: 1 Ci)¥] < oo is redundant since
EL(CN, €)®1 <E[XN, C*] =1, and the additional condition E[(YN, ¢/ T9)1+e] <
oo is needed. When the {C;} are i.i.d. and independent of N, the latter condition reduces to
E[N'*¢] < oo (given the other assumptions), which is consistent with Theorem 4.2 of [19].

(iii) Note that the second expression for H is more suitable for actually computing it, especially
in the case of o being an integer, as will be stated in the forthcoming Corollary 4.1. When
a > 1isnotan integer, we can derive an explicit upper bound on H by using Lemma 4.6 below.
Regarding the lower bound, the elementary inequality (Zle x;)% > Zle x¥ fora > 1 and
x; > 0yields
o
H> E[Q“] -
«E[YN | C¥log Ci]

Similarly, for 0 < « < 1, using the corresponding inequality (Zi-‘:1 x)* < ZLI x{ for
0 <a <landx; >0, weobtain H <E[Q%]/(« E[ZZN=1 C¥log C;]).

(iv) Let us also observe that the solution R, given by (4.6), to (4.1) may be a constant
(nonpower law) R = r > Owhen P(r = Q +r Z,N=1 C;) = 1. However, similarly as in (i),
such a solution is excluded from the theorem since P(r = Q +r ZIN: 1 Ci) =1 implies that
E[} ;C¥logCi] <0, a > 0.

Before proceeding with the proof of Theorem 4.1, we need the following two technical
results; their proofs are given in Section 7.3. Lemma 4.6 below will also be used in subsequent
sections for other recursions. With some abuse of notation, throughout the paper, we will use
maxj<;<y X; to denote sup; .; .y X; in the case N = oo.
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Lemma 4.6. Suppose that (N, C1, C», ...) is a nonnegative random vector with N € NU {00},
and let {R;};icN be a sequence of i.i.d. nonnegative random variables independent of (N, C1,
Co, ...) with the same distribution as R. For a > 0, suppose that ZlNzl (CiR)¥ < o0 a.s. and

E[R?] < oo for any 0 < B < «. Furthermore, assume that E[(Z,N:l C;x/(l+8))]+€] < oo for
some 0 < & < 1. Then

00 N
. R. _ Pp. a—1
05/0 (E[g 1(CiR; > t)i| P(lge;xN CiR; > t))t dr
1 & «
—_— . . o J— . .
= E[_X?(CZR,) (jmax, i) }
=

< Q.

Lemma 4.7. Let (Q, N, C1, Ca,...) be a nonnegative vector with N € NU {00}, and let {R;}
be a sequence of i.i.d. random variables, independent of (Q, N, C1, Ca, ...). Suppose that, for
some o > 1, we have E[Q%] < oo, E[(ZlN:1 C)¥] < oo, B[RP] < oo forany 0 < B < «a,
and ZlNzl CiR; < ocoa.s. Then

N o N
E[(Z CiR; + Q) - Z(CiR,-)“} < 0.
i=1

i=1

Proof of Theorem 4.1. By Lemma 4.4, we know that E[RP] < oo forany 0 < B < «a.
To verify that E[Z[N:1 Ciy] < oo for some 0 < y < «, note that if « > 1, we have, by the
assumptions of the theorem and Jensen’s inequality,

N N y N aq\v/a
sxa]=e(Xe) |=(f(xe)]) <=
i=1 i=1 i=1
foranyl <y <. If0 <« < 1then, fory =a(l+¢/2)/(1 +¢) < o, we have

N N 1+¢/2 N I4+e9\ (14+€/2)/(1+¢)
E[Z CZ.V] < E[(Z Cf‘/(1+£)> } < <E[<Z Cf‘/(1+8)) D < .
i=1 i=1 i=1

The statement of the theorem with the first expression for H will follow from Theorem 3.1
once we prove that condition (3.1) holds. To this end, define

N
R* = Z CiR; + 0.
i=1
Then

N
‘P(R > 1) — E[Z 1(C;R; > z)]
i=1

< ‘P(R _— —P( max CiR; > t)’
1<i<N

N
+ 'P(lrsnl_z;xN CiRi > t) —E[XI: 1(CiR; > z)]‘.
i=
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Since R = R* > maxi<;<y C;R;, the first absolute value disappears. For the second one, note
that

N
E[X; 1(CiR; > t)i| _ P(lgegv CiR; > t)
i=

= E[i 1(CiR; > r)} —E[l(lr<nl_a<xN CiR; > t)]

i=1
> 0.

Now it follows that

N
’P(R > 1) — E[Z 1(CiR; > 1)}

i=1

<P(R > 1) —P( max C;R; > r)
1<i<N

N
+E[21: 1(CiR; > z)] —P(lriniagv CiRi > r). (4.9)
i=

Note that the integral corresponding to (4.9) is finite by Lemma 4.6 if we show that the
assumptions of Lemma 4.6 are satisfied when o« > 1. Note that in this case we can choose
& > 0O such that /(1 4 ¢) > 1 and use the inequality

k k B
>l = (Xw) (4.10)
i=1 i=1

for 8 > 1, x; > 0, and k < 00 to obtain

(g Yooy~

Therefore, it only remains to show that

- P(R > 1) —P( max CiR; > 1))t* 'dr < 0. 4.11)
J ( )

1<i<N

To see this, note that R = R* and 1(R* > t) — 1(maxi<ij<ny CiR; > t) > 0, and, thus, by
Fubini’s theorem we have

~ P(R > 1) —P( max CiR; > 1))r*™! dt:lE (RMY — ( max C;R; .
0 o

1<i<N 1<i<N

If0 < o <1, we apply (4.10) to obtain

E[(R*)“ - ( max C,-Ri>a] < E[Q"‘ + XN:(C,-Ri)“ - ( max CiRi)a},
i=1

I<i<N 1<i<N

which is finite by Lemma 4.6 and the assumption that E[Q%] < oo.
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If « > 1, we have (Zle x)%* > Zle x¥, x; 2 0, k < oo, implying that we can split the
expectation as

E[(R*)"‘ - <]max c,-Ri)a] - E[(R*)“ - XN:(CiRi)a]
i=l1

<i<N
N o
¥ E[;(Ci R)® — (121{‘;% Cik;) }
=

which can be done since both expressions inside the expectations on the right-hand side are
nonnegative. The first expectation is finite by Lemma 4.7 and the second expectation is again
finite by Lemma 4.6.

Finally, applying Theorem 3.1 gives

P(R>1t)~ Ht™ %,

where H = (E[Zj.vzl Clog C;)~" [¥ v* ' (P(R > v) — E[Zj.vzl 1(C;R > v)])dv.
To obtain the second expression for H, note that

00 N
[ v"‘_1<P(R > v) —E[Z 1(C,;R > u)D dv
0 =
00 N N
:/ v“‘E[I(ZC,-Ri+Q>v)—ZI(CiR,- >v)i|dv
0 i=1 i=1
00 N N
E[/ ! (1(2 CiRi + 0 > v> — Y LCiR; > v)) dv] (4.12)
0 i=1 i=1
Z,N=| CiRi+0Q N CiR;
E[/ vy — Z/ vl dv] (4.13)
0 = Jo
1 N o N
- E[(Z CiRi + Q) - Z(GR»"},
i=1 i=1

where (4.12) is justified by Fubini’s theorem and the integrability of

N N
1<ZC,~R,~ +0> v> — ZI(C,-R,- > v)

i=1 i=1

N
< %! <1<ZCiRi +0 > U) - l(lmax CiRi > v))

<i<N
i=1

N
+ 27! (Z 1(C;R; > v) — l(lmax CiR; > v)),

<i<N
i=1

va—l

which is a consequence of (4.11) and Lemma 4.6; (4.13) follows from the observation that

N N
! 1(2 CiRi + 0 > v) and v*"' Y 1(CiRi > v)
i=1 i=1
are each a.s. absolutely integrable with respect to v as well.
This completes the proof.
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Asindicated earlier, when « > 1 is an integer, we can obtain the following explicit expression
for H.

Corollary 4.1. Forintegero > 1, and under the same assumptions of Theorem4. 1, the constant
H can be explicitly computed as a function ofE[Rk], E[CX), and E[Qk], O0<k<a-1.1n
particular, fora = 1,

E[Q]

CEN, Cilog ]

and, for a = 2,

, _ BLQPI+2EIRIEQ YL, Cil +2EIRDP B, Y110 CiC
B 2E[Y N, C2log Ci]

’

ELQ]
I-ECL, G

Proof. The proof follows directly from multinomial expansions of the second expression
for H in Theorem 4.1.

E[R] =

4.3. The homogeneous recursion

In this subsection we briefly describe how the methodology developed in the previous
sections can be applied to study the critical, E[Z,N:1 C;] = 1, homogeneous linear recursion

N
RZ ZC,-Ri, (4.14)
i=l1

where (N, C1, C, ...) is a nonnegative random vector with N € N U {oo} and {R;};cn is a
sequence of i.i.d. random variables independent of (N, C1, C3, . ..) with the same distribution
as R. This equation has been studied extensively in the literature under various different
assumptions; for recent results, see [2], [17], [23], and the references therein.

Based on the model from Section 4 we can construct a solution to (4.14) as follows. Consider
the process {W,},>0 defined by (4.2) with Q; = 1. Then, the {W,} satisfy in distribution the
homogeneous recursion in (4.5) and, given that E[ZlN= 1 Ci1 =1, we have E[W,, ] = 1. Hence,
{Wnr}n>0 is a nonnegative martingale and, by the martingale convergence theorem, W,, — R
a.s. with E[R] < 1. Next, provided that

N N N
E[Z Ci logCi:| <0 and E[(Z Ci) log+<z c,)] < 00,
i=1 i=1 i=1

it can be shown that E[R] = 1; see Theorem 1.1(d) of [2] (see also Theorem 2 of [23]). Here
logt x = max(log x, 0). Furthermore, as argued in Equation (1.9) of [2], it can easily be
shown that this R is a solution to (4.14). Note that the same construction of the solution R on a
branching tree was given in [2] and [23]. Since the solutions to (4.14) are scale invariant, this
construction also shows that, for any m > 0, there is a solution R with mean m; or, equivalently,
it is enough to study the solutions with mean 1. Moreover, under additional assumptions, it can
be shown that this constructed R is the only solution with mean 1, see, e.g. [17], [22], and [23].
However, it is not the objective of this section to study the uniqueness of this solution, rather we
focus on studying the tail behavior of any such possible solution (since our Theorem 3.1 does
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not requlre the uniqueness of R). As a side note, we point out that (4.14) can have solutions if
E[Zl 1 C ]=1forsome 0 < B8 < 1, as studied in [17] and [22].

A version of the following theorem, with a possibly less explicit constant, was previously
proved in Theorem 2.2 of [23] and Proposition 7 of [17]; they also studied the lattice case.
Regarding the lattice case, as pointed out earlier in the remark after Theorem 3.1, all the results
in this paper can be developed for this case as well by using the corresponding renewal theorem.

Theorem 4.2. Suppose that there exists j > 1 with P(N > j, C; > 0) > 0 such that the mea-
sure P(logC €du, C; >0, N > j) is nonarithmetic. Supposefurther that, for some o > 1,
E[(Z —1 C¥] < oo, E[Z ~, C¥log® Ci] < oo, and E[Z, 1 Cil E[Z 1 C'l = L
Then, (4.14) has a solution R with 0 < E[R] < oo such that

P(R>1t)~Ht" ast— oo,

where 0 < H < 00 is given by

00 N
= ! f v“_1<P(R > v) — E[Z 1(C;R > v):|) dv
E[YJL, C¥log Ci] Jo i—1

_ EIGCE, GiR)® = XL (iR D
B[, C¥log Ci]

Furthermore, ifP(N >2)>0, N = Zi:l 1(C; > 0), then H > 0.

Proof. By the assumptions, the function ¢(6) := E[ZlN:] C?] is convex, finite, and contin-
uous on [1, «], since (1) = ¢(«) = 1. Furthermore, by standard arguments, it can be shown
that both ¢’ (9) and ¢” () exist on the open interval (1, @) and, in particular,

N
¢"(0) = E[Z C? (log c,-)z]

i=1

Clearly, ¢”(0) > 0 provided that P(C; € {0, 1}, 1 <i < N) < 1. To see that this is indeed
the case, note that E[Z[N:1 Ci] = 1 implies that P(C; =0, 1 <i < N) < 1, which, combined
with the nonarithmetic assumption, yields P(C; € {0, 1}, 1 <i < N) < 1. Hence, there exist
1 < 01 < 6, < a such that ¢’(81) < 0 and ¢’(62) > 0, implying by the monotonicity of ¢’(-)
and monotone convergence that

N N
0<¢(a—) = E[Z C? log C,} < E[Z C%log™ Ci] < o0 (4.15)

i=1 i=1

N
and ¢’ (14) = E[Z C; log c,} <0.

i=1

From the last expression and the observation E[(Zl e )log+(Zl 1 Ci)] < oo (implied by
(Z iz Ci)¥] < oo)itfollows, as argued at the beginning of this section, that recursion (4.14)
has a solution with finite positive mean; see Theorem 1.1(d) and Equation (1.9) of [2] (see also
Theorem 2 of [23]).
Next, in order to apply Theorem 3.1, we use (4.15) and E[R?] < oo forany 0 < 8 < «; the
latter follows from Theorem 3.1 of [2] and the strict convexity of ¢(-) argued above (see also
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Proposition 4 of [17] and Theorem 2.1 of [23]). The rest of the proof, except for the H > 0
part, proceeds exactly as that of Theorem 4.1 by setting QO = 0.

Regarding the H > 0 statement, the assumption that P(N > 2) > 0 implies that there exist
l <n<ooand1 <iy <ip <n+1suchthat P(N =n, C;; >0, C;, > 0) > 0, which
further yields, for some § > 0,

P(N =iy, Ci, > 8, Ci, > 8) > 0. (4.16)

Next, by using the inequality (x; 4+ x2)* > x‘l" + xg‘ for x;,x» > 0 and @ > 1, the second
expressions for H in the theorem can be bounded from below by

- E[I(N = iZ)((CilRil + CizRiz)a - (CilRil)a - (CizRiz)a)]

H N " )
aE[);_, C¥log Ci]

4.17)

To further bound the numerator in (4.17), we define the function
fO)=0+x)*—=1—x%—cx*"%,

where0 <e <a—1,0<c <2¥ —1,and y = a — 1 — &. It can be shown that f(x) > 0
for x € [0, 1], since £(0) = 0 and f'(x) > ax¥((1 +1/x)Y —1 —¢) > O on [0, 1]. Hence,
by using the inequality f(x) > 0, we derive, for x; > 0, x» > 0, max{xy, xp} > 0, and
x = min{xy, x2}/max{xq, x2},

(1 +x2)* — xf — x5 = (max{x;, H*((1 +x)* —1—x%)
> c(max{xy, x2})“x*°

> c(minfxy, x21)%;
the inequality clearly holds even if max{xy, xo} = 0 since both of its sides are zero. Thus, by
applying this last inequality to (4.17) and using (4.16), we obtain
cE[1(N > i2)(min{C;, R;;, Ci, Ri,})*]
«E[YN, C%log Ci
- c§“P(N = iy, C;y > 8, C;, > 8) E[(min{R;, R;,})*]
- «E[Y N, C%log Ci]

H=>

> 0.

This completes the proof.

Remarks. (i) Note that the assumptions of Theorem 4.2 differ slightly from those of Theo-
rem 4.1 in the condition

N
0< E[Z C} log Ci] < 00,
i=1
which is implied by E[Zthl Ccy log* C;] < oo, the strict convexity of ¢(0) = E[Z,N:1 Cie]
and the hypothesis that ¢(1) = ¢(«) = 1, as argued in the preceding proof.
(i1) The assumption that P(N > 2) > 0is the minimal one to ensure the existence of a nontrivial

solution; see conditions (HO) of [22] and (C4) of [2]. Otherwise, when P(I\Nf <1H)=1,W,isa
simple multiplicative random walk with no branching; clearly, in this case our expression for



Implicit renewal theory on trees 547

H reduces to 0. Also, if P(Z,N:1 C;i =1) =1, R can only be a constant; see the remark
above Theorem 2.1 of [23]. However, this last case is excluded from the theorem since
P(Zf-v:1 C; = 1) = 1 implies that C; < 1 a.s., which, in conjunction with ¢(¢) = 1, @ > 1,
yields P(C; € {0,1}, 1 < i < N) = 1, but this cannot happen due to the nonarithmetic
assumption.

(iii) Note also that condition (C3) of [2] (equivalent to P(C; € {0,1}, 1 <i < N) < 1l in our
notation) is implied by the nonarithmetic assumption of our theorem. Interestingly enough, if
this last condition fails, Lemma 1.1 of [22] shows that (4.14) has no nontrivial solutions.

(iv) As stated earlier, a version of Theorem 4.2 was proved in Theorem 2.2 of [23] by trans-
forming recursion (4.14) into a first-order difference (autoregressive/perpetuity) equation on
a different probability space; see Lemma 4.1 of [23]. However, it appears that the method
from [23] does not extend to the nonhomogeneous and nonlinear problems that we cover
here, since the proof of Lemma 4.1 of [23] critically depends on having both E[R] = 1 and
EY N, Cil=1

Similarly as in Corollary 4.1, the constant H can be computed explicitly for aninteger o > 2.

Corollary 4.2. For an integer o > 2, and under the same assumptions of Theorem 4.2, the
constant H can be explicitly computed as a function of E[R] and E[C*¥], 1 <k <a —1. In
particular, for o = 2,

o EYY, Z;\]:H—l CiCjl
E[Y N, C?log Ci]

Proof. The proof follows directly from multinomial expansions of the second expression
for H in Theorem 4.2.

We also want to point out that, for a general noninteger @ > 1, we can use Lemma 4.1 to
obtain the following bound for H:

4~ ERPDVDEIGY, C)*]
- «E[YN, C*log C;] '

Here p = [a].

5. The maximum recursion: R = (\/fv=1 CiR))Vv Q

In order to show the general applicability of the implicit renewal theorem, we study in this
section the nonlinear recursion

N
RZ (\/ C,~R,> v 0, 5.1
i=1

where (Q, N, C1, Ca, ...) is a nonnegative random vector with N € NU {oco}, P(Q > 0) > 0,
and {R;}icN is a sequence of i.i.d. random variables independent of (Q, N, Cq, C3, ...) with
the same distribution as R. Note that in the case of page-ranking applications, where the {R;}
represent the ranks of the neighboring pages, the potential ranking algorithm defined by the
preceding recursion determines the rank of a page as a weighted version of the most highly
ranked neighboring page. In other words, the highest ranked reference has the dominant impact.
Similarly to the homogeneous linear case, this recursion was previously studied in [5] under
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the assumptions that Q = 0, N = oo, and the {C;} are real-valued deterministic constants. The
more closely related case of Q = 0 and {C;} > 0 being random was studied earlier in [18].
Furthermore, these max-type stochastic recursions appear in a wide variety of applications,
ranging from the average case analysis of algorithms to statistical physics; see [1] for a recent
survey.

Using standard arguments, we start by constructing a solution to (5.1) on a tree and then we
show that this solution is finite a.s. and unique under iterations and some moment conditions,
similarly to what was done for the nonhomogeneous linear recursion in Section 4. Our main
result of this section is stated in Theorem 5.1.

Using the same notation as in Section 4, define the process

o=\ i,  n=0, (5.2)

i€A,

on the weighted branching tree 7 c, as constructed in Section 2. Recall that the conven-
tion is that (Q, N, Cy, C3,...) = (Qg, Nz, C(z.1), C(w,2), - . .) denotes the random vector
corresponding to the root node.

With a possible abuse of notation relative to Section 4, define the process {R"},~( accord-
1ng to

n
R™ — \/ Vi, n>0.

Just as with the linear recursion from Section 4, it is not hard to see that R™ satisfies the

recursion
Ng N
(n—1) (n—1)
R™ = <\/ Ciz. R} ) V0o = (\/ CiR} ) Vo, (53)
j=1 j=1

where {R;"_l)} are independent copies of R~ corresponding to the tree starting with
individual j in the first generation and ending on the nth generation. We can also verify
that

Ng
Vi = \/ Ciz.k) \/ Ok....in) l_[ Cik,...ij) = \/ CeVin—1).ks
k=1 (k,....in)€A,

where {V(,,_1) «} is a sequence of i.i.d. random variables independent of (N, Cy, Cp, ...) and
having the same distribution as V,,_1.
We now define the random variable R according to

R := lim R™ = \/ V. (5.4)

n— 00
k=0

Note that R is monotone increasing sample pathwise, so R is well defined. Also, by the
monotonicity of R™, (5.3), and monotone convergence, we find that R solves

Ng N
= <\/ C(z,j)Rﬁoo)) vV Qg = <\/ CjRﬁoo)) v o,
j=1 j=1

where {R( )},EN are i.i.d. copies of R, independent of (Q, N, C, Ca,...). Clearly, this
implies that R, as defined by (5.4), is a solution in distribution to (5.1). However, this solution
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might be co. Now, we establish the finiteness of the moments of R and, in particular, the fact
that R < oo a.s. in the following lemma; its proof uses standard contraction arguments, but is
included for completeness.

Lemma 5.1. Assume that pg = E[ZlNzl Cf] < 1 and E[Qﬂ] < 00 for some B > 0. Then,

L
E[RY] < oo forall 0 < y < B, and, in particular, R < oo a.s. Moreover, if B > 1, R™ 4 R,
where Lg stands for convergence in the (E | - 1YV norm.

Proof. By following the same steps leading to (3.6), we obtain, for any k > 0,
E[V/]= [\/ Qﬂnﬂ]<:E[§: Qﬁnﬂ]::E[Qﬂh%. (5.5)
i€Ag €Ay
Hence,
o o
E[Q”]
2 B
Emﬁ:ED/%]SED:%}ST:£<uL
k=0 k=0
implying that E[RY] < oo forall 0 < y < 8.

L
That R™ —% R whenever § > 1 follows from noting that

E[|R<”>—R|ﬂ]sE[( {; Vk)ﬂ]sELi Vf}

k=n+1 =n+1
and applying the preceding geometric bound for E[Vkﬁ ].

Just as with the linear recursion from Section 4, we can define the process {R} as
R¥ := R" D v V,(RY), n>1,

where
xm%p:VR&m (5.6)
icA,
and {RE)k,i }icy are i.i.d. copies of an initial value R}, independent of the entire weighted tree
To,c. It follows from (5.3) and (5.6) that

vc(R<" " Y 8 1€ + 0 ch

icAy,;

where {R(."_ )} are independent copies of R~ corresponding to the tree starting with
individual j in the first generation and ending on the nth generation, and A, ; is the set of
all nodes in the (n 4 1)th generation that are descendants of individual j in the first generation.
Moreover, {R* :} are i.i.d. copies of R}, and, thus, R} is equal in distribution to the process
obtained by 1terat1ng (5.1) with an 1n1t1a1 condition R;j. This process can be shown to converge
in distribution to R for any initial condition R; satlsfylng the following moment condition.

Lemma 5.2. For any R} > 0, ifE[Qﬂ], E[(R(’)")/B] < 0o, and pg < 1 for some B > 0, then
R} = R,

with E[RP] < oo. Furthermore, under these assumptions, the distribution of R is the unique
solution with finite f-moment to recursion (5.1).
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Proof. The result will follow from Slutsky’s theorem (see Theorem 25.4 of [10, p. 332])
once we show that V,,(Rj) = 0. To this end, recall that V,,(R{) is the same as V, if we
substitute the Q; by the Ra‘ i Then, for every ¢ > 0, we have

P(V,(R}) > ) < e PEV,L(R;)P] < e 7P o} ELR)P1  (by (5.5)).

Since, by assumption, the right-hand side converges to 0 as n — oo, then R = R. Fur-
thermore, E[R/3 ] < oo by Lemma 5.1. Clearly, under the assumptions, the distribution of R
represents the unique solution to (5.1), since any other possible solution with finite 8-moment
would have to converge to the same limit.

Now we are ready to state the main result of this section.

Theorem 5.1. Let (Q, N, Cy, C3, ...) be a nonnegative random vector, with N € N U {oo}

and P(Q > 0) > 0, and let R be the solution to (5.1) given by (5.4). Suppose that there exists

J = 1withP(N > j, C; > 0) > 0 such that the measure P(logC; € du, C; > 0, N > j)

is nonarithmetic, and that Jor some a > 0, E[Q%] < 00, 0 < E[Zl 1 CF logC ] < o0, and
Zl 1 C7'1 = 1. In addition, assume that

(@) E[( Zi:l CH* < ifa >1,or
(b) E[(Z{\l:l C;x/(1+€))l+€] < ooforsome() <e <1if0<a <1.

Then
P(R>1t)~Ht™ ast— oo,

where 0 < H < oo is given by

00 N
— ! / vt <P(R >v) — E[Z 1(C;R > U)D dv
E[YN, c¥log Ci1 /o :

i=1
_ E[(VIL, CiR)* Vv Q¥ — YN (CiR)]
B[, C¥log C;]

Proof. By Lemma 5.1 we know that E[R?] < oo for any 0 < B < «. By the same
arguments used in the proof of Theorem 4.1 we obtain E[ZlN= 1 C/'1 < coforsome0 <y <a.
The statement of the theorem with the first expression for H will follow from Theorem 3.1
once we prove that condition (3.1) holds. Define

N
= <\/ C,'Ri) Vv Q
i=1

Then,

N
‘P(R > 1) —E[Z 1(CiR; > z)]
i=l1

< ‘P(R > 1) —P( max C;R; > t)’
I<i<N

N
+ 'P(lglax CiR; > t) |:Z 1(C;R; > t)]‘.
=N i=1

Since R = R* > max 1<i<n CiR;, the first absolute value disappears. The integral correspond-
ing to the second term is finite by Lemma 4.6, just as in the proof of Theorem 4.1. To see that
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the integral corresponding to the first term,

o0
f (P(R > 1) —P( max C;R; > r))t“—l dr,
0 1<i<N

is finite, we proceed as in the proof of Theorem 4.1. First we use Fubini’s theorem to obtain

o0
/ (P(R _— —P( max C;R; > t))z“*ldt
0 1<i<N

éE[(R*)“ _ ( max C,~R,~)a]

1<i<N
1 N o N o
-l ({oe) ver- (Ve
o i=1 i=1
< E[Q“].
o

Now, apply1ngTheorem3 1 givesP(R > t) ~ Ht~*, where H = (E[Z] IC"‘ logC;)™ Ix
JoZ v M PR > v) — [Z, L 1(CjR > v)])dv.
The same steps used in the proof of Theorem 4.1 give the second expression for H.

6. Other recursions and concluding remarks

As an illustration of the generality of the methodology presented in this paper, we mention
in this section other recursions that fall within its scope. One example that is closely related to
the recursions from Sections 4 and 5 is

N
R = (\/ cl-R,-> +0, ©6.1)

i=1

where (Q, N, C1, C3, ...) is a nonnegative vector with N € N U {oo}, P(Q > 0) > 0, and
{Ri}ien 1s a sequence of i.i.d. random variables independent of (Q, N, C1, C», ...) with the
same distribution as R. Recursion (6.1) was termed ‘discounted tree sums’ in [1]; for additional
details on the existence and uniqueness of its solution, see Section 4.4 of [1].

Similarly as in [14], it appears that one could study other nonlinear recursions on trees using
implicit renewal theory. For example, one could analyze the solution to the equation

N
RZ>(CiRi + BiVR) + Q.
i=1

where (Q, N, Cq, Ca, ...) is a nonnegative vector with N € N U {oo}, P(Q > 0) > 0, and
{R, R;}i>11sasequence of i.i.d. random variables independentof (Q, N, Cq, C2, ...). Here, the
primary difficulty would be in establishing the existence and uniqueness of the solution as well
as the finiteness of the moments.

7. Proofs
7.1. Implicit renewal theorem on trees

We give in this section the proof of Lemma 3.1.
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Proof of Lemma 3.1. Observe that the measure E[Z,N:l 1(log C; € du, C; > 0)] is non-
arithmetic (nonlattice) by our assumption since if we assume to the contrary that it is lattice on
a lattice set L then on the complement L€ of this set we have

N
0 :E[Z 1(logC; € LS, C; > 0)] >P(logCj € L%, C; >0, N = j) >0,

i=1

which is a contradiction. Hence, 7 is nonarithmetic as well, and it places no mass at —oo due
to the exponential term e*“. To see that it is a probability measure, note that

o o0 N
/ r/(du):/ e“”E[Zl(longedu)}

—00 =1

[e¢]

N o0
E[Z/ e 1(logC; € du):| (by Fubini’s theorem)
j=1""

3]

=1.

Similarly, its mean is given by

00 N
/ un(du) =E[Zc;? 1ogcj].
00 j=1

To show that u, = n*", we proceed by induction. Let %, denote the o -algebra generated
by {(Ni, Ci.1y, Ci2),--)i 0 € A;j,0<j=<n- 1}, Fo = 0(, Q), and, foreachi € A,
set V; = log I'l;. Hence, using this notation, we derive

! Ni
Hns1((—00,t]) = / et E[Z ZI(V,- +1ogCy jy € du)i|

icA, j=1
t Ni
= / e‘“‘E[Z E[Z 1(V; +log C jy € du) ‘ 3~‘H
- icA, “j=I1
t Ni
= E[Z eV / e@u=Vvi) E[Z 1(log Ci jy € du — V;) ‘ ?nﬂ
o —

i€A,

=E| Y eVin((—o0,1 — Vi])

icA,

=f n(=00, t — v)ptn(dv),

—0o0

~
I

| I

where in the fourth equality we used the independence of (N;, C 1), C.2), ...) from F,.
Therefore, w,41(d?) = (1 * w,)(dz) and the induction hypothesis gives the result.
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7.2. Moments of W,

In this section we prove Lemmas 4.1, 4.2, and 4.3. We also include a result that provides
bounds for E[W,/] for integer p, which will be used in the proof of Lemma 4.3.

Proof of Lemma 4.1. Letp = [B] € {2,3,...}andy = B/p € (B/(B + 1), 1]. Suppose
first that k € N, and define A, (k) = {(j1,..., jk) € N ji4+ -+ jx = p, 0 < ji < p}.
Then, for any sequence of nonnegative numbers {y;};>1, we have

k k

-

i=1 i=1

k p . ) ’y
p J1i Jk
=2+ 2 < .)y ey )
<i_1 l Btk

(15 Ji)EAp (K)
Y
» . .
(. .)y{‘-~-y,-§k) : (7.1)
Jl?'-'ajk

k
(¥
i=1 (1o ) EAp ()
where for the last step we used the well-known inequality (Zf: 1 X))V < Zle xiy for0 <y <1
and x; > 0. We now use the conditional Jensen inequality to obtain
k

E[(i1 cm)ﬁ - Z(cm)ﬂ]

i=1
[ ) N\
=E ( > < P ->(C1Y1)jl"'(CkYk)jk):| (by (7.1))
L (]1 .... jk)EAp(k) Jl,-..;]k
_ ) | | ,
<E|lE CiY)) -GV | €y, ..., C
- < [ 2 (jl,...,jk>( T (GIOT G kD]
[ p J1 Jk Jt Jk v
=E c/t...CKXElY! ... Y, C"..’C .
< ) <j17_ ) i i ELY{ i G k])]

UroedO) €A ()
LN G j0eA () o Jk

Since {Y;}is asequence of i.i.d. random variables having the same distribution as Y, independent
of the C;s, we have

ElY{ v | o G =B - Y =Y - Y I
where [|Y |l = (E[|Y|])!/* for k > 1 and ||Y|lo := 1. Since ||Y | is increasing for k > 1,

it follows that |||} < [Y[I_. Hence, [[Y |l --- 1Yl < Y|}, which in turn implies that

(o) -gew]={(| 2 (7))

oo j)EA () o Jk

=r1s_, E[((é Ci>” _ gc{’>y]

< ||Y||ﬁ1E[(§ ci)ﬂ].

This completes the proof for finite k.
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When k£ = oo, first note that, from the well-known inequality (x; + xz)ﬁ > xf + xf

x1,x2 > 0and B > 1, we obtain the monotonicity in k of the following difference:

for

k+1

k+1 k
(Z CiY, ) Z(c,mﬁ > (Za ) -y @y =o.
i=1

i=1

Hence,
oo ﬂ o
E[(Zcm) —Z(Cimﬁ]
i=l1 i=1
k B k
= lim E[((Z cm) —Z(cm)ﬂﬂ (7.2)
i=1

k— 00 ‘
i=1

14
< lim E[( > (j g j>(C1Y1)f‘~-~(CkYk)f">}
1s -5 Jk

k— 00 . -
(J1se-r Ji)EAp ()

B - g
< lim ||Y||1,_1E[(;ci> }
s B
= ||Y||ﬁ_1E[<Z Ci) ] (7.3)
i=1

where (7.2) and (7.3) are justified by monotone convergence.

Proof of Lemma 4.2. We use the well-known inequality (Z;‘zl yi)P < Zf:l ylﬁ for 0 <
<1,y; >0, and k < o0, to obtain
y

E[WF] = [(Zc W 1),>ﬁ}
<E[Zcﬂ (n— l)z}

= E[Wﬂ 1lpg  (by conditioning on N, C; and Fubini’s theorem)
< pﬁ E[Wé3 ] (iterating n times)
= pj ELQ"].

Before proving the moment inequality for general 8 > 1, we will show first the corresponding
result for integer moments.

Lemma 7.1. Let p € {2,3,...}, and recall that p, = E[Z - Cp p = p1. Suppose that
E[Q?] < oo, E[ (Zl 1Ci)Pl <00, and p Vv pp < 1. Then, there exists a constant K, > 0

such that
E[WX1 < K,(pV pp)" foralln > 0.
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Proof. We will give an induction proof in p. For p = 2, we have

W2] = [(ZC Wa— 1)1) ]
= E[Z CIWe )i+ Y CiWuo1)iC; W(n—l),j]

i=1 i#j

N
=E[W?_|] E[Z c,?] + (E[Wn_l])zE[Z cicj]
i=1 i#]
(by conditioning on N, C; and Fubini’s theorem)

N 2
< mE[W;_ 1+ E[(Z Ci) }(E[anz.
i=1
Using the preceding recursion and noting that

E[W,_1]1= p" ' E[Q],
we obtain
E[W2] < pp E[W2_ |1+ Kp* =D, (7.4)
where K = E[(3_N, C)?1(E[Q])%. Now, iterating (7.4) gives
E[W2] < p2(p2 EIW?_,] + Kp*"=2)) + Kp>*=D

n—2

< 03 (0 EIWG] + K) + K ) py p>0 !0
i=0

i=0
n—1
< (p2VP)"EIQ* 1+ K(p2V )" Y (2 v p)' 72
i=0

kK & ‘
EfO*1+ —/— J n
5( [0 ]+p2vpj§:0(pzvp) >(pzvp)

= Ka(p2 v p)",

which completes the p = 2 case.

Suppose now that there exists a constant K ,_; > 0 such that E[Wfﬁl] <K, 1(pp-1Vvp)
for all n > 0. Then, by Lemmas 4.1 and 4.2, we have

N
E[er] = E[(Z C; W(n—l),l) Z Cp (n ), 1] + E[Z Cp (n D), z:|
i=1
N j2
< (E[W:_—ll])p/(pl)EKZ Ci) } +E|:Z CipW(Z_l)’i]
i=1

i=1
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N p
_ (E[W,f’__lll)p/(pl)E[(Z Ci) } + pp BIW? |1
i=1

N P
= E[(Z Ci) :|(Kp_l)17/(1?1)('017_l v p)=Dr/(p=1 + pp EIWP_ 1,
i=1

where in the second equality we conditioned on N, C; and used Fubini’s theorem, and the last
inequality corresponds to the induction hypothesis. We then obtain the recursion

E[W)] < pp EIW! |14+ K(pp_1 v p) "~ DP/ 07D (7.5)

where K = E[(ZINZI C,-)p](Kp_l)P/(P’l). Iterating (7.5) as for the p = 2 case gives

n—1

E[W/] < ,OZ E[QP]1+ K Zpé(prl v p)(n—l—i)p/(p—l)
i=0
n—1
< (op V P)"ELQP14+ K Y (pp Vv p)( PP/ (=D 7.6)
i=0
n—1 -
= (pp vV P)"E[QP]1+ K (pp V o)1 Z(pl’ v p)@=i=D/(p=1
i=0

< <E[Qp] +K(ppv )Y (op v p)”“’”)(pp v )"

J=0
= Kp(pp vV )",

where in (7.6) we used the convexity of ¢p(8) = pg,1.e. pp—1 = @(p — 1) < (1) V ¢(p) =
oV Pp.

The proof for the general f-moment, 8 > 1, is given below.

Proof of Lemma 4.3. Set p = [B] = B > 1. Then, by Lemmas 4.1 and 4.2,

N
E[Wf]=E|:<ZCiW(”1)J> Zcﬂ (n— l)zi|+E|:2:C/3 (n— l)l}
i=1
E(E[Wf_ll])ﬂ/(p_l)E[<Zc) i|+E|:ZC/3 e 1)li|
N
= (W, P/ r- ”E[(ZC,) ]+p,sE[ -

i=1
By Lemma 7.1,

E[Wﬁ] < pgEl Wﬂ +E|:<Z Cz) ] p—l)ﬁ/(p_l)(,op—l v p) DB/ (=)

= pg EIW,) |1+ K(pp-1 v p)" 77,
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where y = B8/(p — 1) > 1. Finally, iterating the preceding bound n — 1 times gives

n—1

E[W,f] < pg E[W(’)S] 4+ K Zpé(p v pp_l)y(nflfi)

i=0
n—1
<EWS 1oV pp)" + K Z(;O Vv pg)? TI=DF by the convexity of ¢(8) = pp)
i=0

n—1

=E[Q%1(p v pp)" + K(pV pp)" 'Y (o v o)V
i=0

< Kp(pV pp)".
This completes the proof.

7.3. Linear nonhomogeneous recursion
In this section we give the proofs of the technical Lemmas 4.6 and 4.7 for the linear recursion.

Proof of Lemma 4.6. Note that the integral is positive since
1<i<N I<i<N

N
P( max C;R; > t) = E[l( max C;R; > t)] < E[; 1(CiR; > t)i|.

To see that the integral is equal to the expectation involving the c-moments, note that

00 N
/0 <E[Z} 1(C;R; > z)] — P(lrfniz;xN CiR; > t))t“_ldt

o N
= / E[Z 1(CiR; > 1) — 1( max C;R; > t)]t"‘_l dt
0 = I<i<N

<i<N

s N
= E[/ (Z L(CiR; > 1) — 1( max C;R; > t>>t°‘1 dt] (by Fubini’s theorem)
0 N !

N
1 1 o
- E[le L(CiRY* = —( max CiR;) }
=

where the last equality is justified by the assumption that ZlN: 1(CiR)¥ < o0 as.
It now remains to show that the integral (expectation) is finite. To do this, let X =
(N, Cy, Cy, ...). Similar arguments to those used above give

oo N
/O (E[; 1(CiR; > t):| —P(lglia;xN CiR; > z))z“‘ dr
00 N
:[0 E[E[Zl(cmi >1)— 1(122\/&& > t)‘X:Ht"‘ldt

i=1

. N
= E|:/0 E[Z 1(C;R; > 1t) — 1<1r5r1ialstCiRi > t) ‘ X]t‘)‘_1 dti|,

i=1
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where in the last step we used Fubini’s theorem. Furthermore,

N
E[Z 1(CiR; > 1t) — 1<lmax CiR; > t) ‘ X]

<i<N
i=1 -

:E[l( max CiR; < t) ‘ X] —1 +§:E[1(C,~Ri >0 | XI.
i=l1

1<i<N

I\Iote that, given X, the random variables C; R; are independent (since the Rs are), so if we
let F(t) = P(R > t) then

N N
_ [t
E[l(lgagv CiR; < t) ‘ X] - HE[I(CiRi <0 | X]= ]‘[(1 - F<a>>.
1= 1=
We now use the inequality 1 — x < e™ for x > 0 to obtain
N

(1-#(2)) <on(- 272 )

Next, let § = ae/(1 + €) and set 8 = o — §. By Markov’s inequality,

N N N

_ [t
E F(— <E E[(C;R)? | C;1t7# =+ PE[R? E c?.
2 (Ci>_i=1 [(CiR)" | Ci] [ ]i=1 ;

Now, define the function g(x) = e™ — 1 4+ x and note that g(x) is increasing for x > 0.
Therefore,
N

N
(1
—_ -8 B B
(BH(E) semanger)
i=1 i=1
This observation combined with the previous derivations gives
o N
/ E[Z 1(CiR; > 1) — 1( max C;R; > z) ’ X]t"“l dr
0 . 1<i<N

i=1
o -8
< €S — 1 rSpt Py dr,
0

where Sg = ZZN=1 Cf and r = E[RP] < co. Hence, using the change of variable u = r Szt —#
gives

o0 o
/ @5 14 rSpr Py dr = ﬂ—l(rsﬁ)“/ﬁ/ e —1+wu*P1du.
0 0

Our choice of 8 = o — § guarantees that | < o/ = 1 4+ ¢ < 2. To see that the (nonrandom)
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integral is finite, note thate™ — 1 4+ x < x?/2 and e ™

o) 1 1 00
f e —14+uwu P 1au < 5/ ul =P qy +/ uP qu
0

— 1 < 0 for any x > 0, implying that

0 1
o I
T 20—/ alp-1
=: Kp
< Q.

Now, it follows that

00 N
E 1(C; R; —P iR; a=l E[K /B
A ([Z;ar >n] (2@#7’>0> dr < E[K (rSp)*/P)

N o/
:Kra/ﬁE[<ZC;S> :|
i=1

The last expectation is finite by assumption («/8 = 1 + €), which completes the proof.

Proof of Lemma 4.7. Let S = ZlNzl CiR; <ooas., p=[al,andnotethat] < p—1 < .
Then, since (S + Q)* — §* > 0 and S* — Zf-v:l(Ci R;)® > 0, we can break the expectation as

N N

N o
E[(S +0)" - Z(QR»”} =E[(S+ Q)" — $“1+ E[(Z c,»R,) - Z(CiRi)“}
i=1

i=l i=1
N o
< E[(S + Q)" — $°] + (B[RP™'*/ P~ D E[(Z cf> ]
i=1

where the inequality is justified by Lemma 4.1. The second expectation is finite since, by
assumption, E[R?] < oo for any 0 < B < a. For the first expectation, we use the inequality

x4 1 0<k <1,
x4+ k> 1,

(x+t)K§{

for any x, t > 0. We apply the second inequality p — 1 times and then the first one to obtain

x4+ <x*+akx+0*
< ...

p—2
o i o—ii p—1 a—p+1,.p—1
<x%+ ' x4+ o (x + 1) t
i=1

-1
<x*+alt* 4+ af pra_"ti.
i=1
Hence, it follows that
p—1
E[(S + Q)" — $“1 < a” E[Q*] + a” ) E[S* 7 Q'].

i=1
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To see that each of the expectations involving a product of § and Q is finite, let X =
(Q, N, Cy, Cy,...)and note that, fori = p — 1,

E[Sa—P+1 Qp—l]

N a—p+1
— E|:E|:<Q(P—1)/(01—P+1) Z CjRj>
j=1
N
E[(E[Q(p—l)/(a—pﬂ) Z CjR;

j=1

N a—p+1
= (E[R])* P! E[Q”l (Z cj> } (1.7)

j=1

dl

a—p+1
X ]) :| (by Jensen’s inequality)

IA

where the last equality was obtained by using the independence of {R;} and X.
Forl <i < p—2,letg; = [ — i and condition on Q and X, respectively, to obtain

N
E[S“Q'] =E (S‘“ Z(CR)“ ) }+E[Q"Z(Cﬁﬂ“"}

j=1

- N
=E [sa ‘ Z(C R)“! ‘ H +E[R“"’]E[Q"ZC7’}
i =

N a—i
<E|Q'(B[R%™" | Q])‘“‘”/Wf‘”E[(ZCj) ‘QH

_ yal a—i
e oG
=1

N a—i
= ((B[R# ')~ D/@i=D 4 E[R*™T)) E[Q" (Z c,-) } (7.8)
j=1

where for the inequality we used Lemma 4.1 (¢« — i > 1) and the inequality Zl 1 ylﬁ <
(Zl 1 ;)P for any 8 > 1 and y; > 0. Note that all the expectations involving R in (7.7)
and (7.8) are finite since E[Rﬁ ] < ooforall 0 < B < o by assumption. Next, observe that all
the other expectations are of the form E[Q"(Z}\;1 Cj)"‘_i] for 1 <i < p — 1. To see that

these are finite, use Holder’s inequality with ¢ = «/(e — i) and r = «/i to obtain

fo(ze) J=l(ze) |,

- (EKX: C’)abuq(E[Qa])l/r

J

10,

< Q.
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